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This paper anatyzes the impact of income distribution on growth when investment in human
capital is the source of growth and individuals vote over the degree of redistribution in the economy.
The mode! has three main features. First, very different patterns of income distribution are conduc-
ivctohighgrowthatdiﬁcremlevclsofpercapitaimomc.Second,growthisassociatedwithan
externality whereby investment in human capital by one group increases the productivity of other
groups, thus potentially enabling them to invest in human capital. Third, the initial pattern of
income distribution and the resulting political equilibrium are crucial in determining whether the
transmission of this externality is promoted, in which case growth is enhanced, or prevented, in
which case growth is stopped.

Using a non-overlapping generations model with voting, I derive several empirical implica-
tions. In particular, the model implies an inverted-U relation between levels of inequality and levels
of income in cross-sections, but not necessarily in time series, 2 result that seems consistent with
a number of empirical studies.

1. INTRODUCTION

In the voluminous literature on income distribution and growth, two basic frameworks
can be identified. A tradition going back at least to Kaldor (1956) emphasizes the causal
effect of income distribution on capital accumulation and therefore on growth. The devel-
opment economic literature that flourished in the 1960’s and 1970’s following the seminal
work of Kuznets (1955) concentrated mainly on the opposite causal link, from growth to
income distribution.

Both mechanisms are at work in the model of this paper. However, the focus here is
not on capital accumulation, but on the effects of redistribution on investment in human
capital. Specifically, this paper starts from the observation that income distribution is not
a given, but it can be modified to some extent in an economy where the tax system
redistributes income. By affecting the post-tax income of the various income groups,
redistributiondeterminmwhichgoupswillbcablctoinvcstinhumancapitalandwhich
groups will remain unskilled. In turn, this affects growth and how income distribution
evolves over time.

thnprefermwsamaggmgatedthmughamﬁngprm,theiniﬁalpamof
income distribution plays a crucial role in the evolution of the economy because it deter-
mines the degree of redistribution that prevails in the political equilibrium. In a static
setting, it is intuitive that when the decisive voter is poor relative to the average, she faces
a relatively low tax price of redistribution; thus, as shown by Romer (1975), Roberts
{1977) and Meltzer and Richard (1981), in a voting model inequality (i.c., a poor median
voterrdaﬁwtoﬂwamgevom)tmdstobemsiﬁvdy‘assodmdwiththekwlof
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taxation and redistribution. In the model of this paper, this simple intuition can generate
some interesting dynamics.

The essence of the model is very simple. Individuals can belong to one of three
different income groups. Growth and changes in pre-tax income distribution are the effect
of investment in education. The latter benefits the investor directly, and all the other agents
indirectly through a production externality. As in Galor and Zeira (1993), in the absence
of perfect capital markets those individuals whose post-tax income is below the cost of
acquiring education will be unable to invest in human capital, and the next period will
earn the same pre-tax income. By contrast, those who can afford the expenditure needed
to obtain education will have a higher income.'

This simple structure has a first important implication: economies with different per
capita incomes have very different patterns of income distribution that are most favourable
to growth. In a very poor economy fotal resources may be so scarce that at most the upper
class can invest. Thus, in this case only a very unequal income distribution that concen-
trates resources in the upper class may be consistent with growth. Alternatively, given the
share of the upper class in total pre-tax income, the median voter should not have too
large an incentive to set a very progressive tax rate and expropriate the upper class. This
requires that the middle class should not be too distant from the upper class.

The configuration that maximizes income growth in a rich economy is exactly the
opposite (with some qualifications spelled out in the formal analysis of the model). Here,
redistribution might matter only for the investment of the lower class. A precondition is
that the middle and the lower class should not be too far apart. Otherwise, it will be too
costly for the median voter to redistribute the resources the lower class needs to invest.

These basic ideas of the paper can be formalized in a simple two-period model. A
non-overlapping generations extension of the two-period model develops more fully the
implications of the strong path-dependence embedded in the framework sketched above.
Specifically, it formalizes a concept of growth as a “trickle down” process by which
investment by one class increases the future income of all other classes as well, thus
enabling an increasing number of classes to invest in education over time. The basic
message is that in the absence of a central planner the transmission of this positive external-
ity can stop if it is too costly to the median voter to bring them about. For instance,
consider an economy that has grown up to the stage where the middle class has invested
in education. Now the lower class will invest in education if the median voter has an
incentive to enact enough redistribution. However, if the low income class is much poorer
than the middle class, the median voter does not have such an incentive and growth will
stop. Thus, the political outcome generated by the initial pattern of income distribution is
crucial in determining whether the “trickle down™ process of growth will be stopped before
thewonomyhasrmhed&ehxghatpo&xbks&ady—stmwhmaﬂcksseshawmm
in education.

This framework can also provide a possible explanation ofthcfmsmmtedU
relation between levels of income and measures of inequality in cross-section regressions;
and of the fact that the same relation is more difficult to observe in time-series. It was seen
above that a very egalitarian poor economy will not be able to start the growth process.
By contrast, an economy with a very unequal income distribution is in the best position
to achicve a high initial rate of growth. However, once this economy reaches a higher level
dwmmm&emmmmhmmmwmm

1. mmmmwmm(mnmwmm(mnmm

models where capital market imperfections .open up the possibility for income distribution to affect the
pattern of growth of an economy.
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spurt of growth will hamper further growth. Thus, a very unequal society will get stuck
at an intermediate level of income, because the extreme concentration of resources in the
hands of the upper class prevents the lower class and possibly even the middle class from
reaching a post-tax income that allows investment in education. In a more cgalitarian
society all classes will eventually invest in education, so that inequality will decrease as per
capita income reaches its highest level. In a cross-section, this will generate an inverted-U
curve, even though only a subset of all countries will present an inverted-U pattern in time
series:

The role of income distribution in endogenizing the level of taxation and growth has
been the subject of some recent research. The common element to Alesina and Rodrik
(1991), Bertola (1991) and Persson and Tabellini (1991) is that a higher tax rate reduces
the private after-tax marginal product of capital and therefore acts as a disincentive to
investment and growth. In turn, income inequality and the tax rate resulting from the
voting process are positively related through a dynamic extension of the standard median
voter result; the reason is that, as in my model, a relatively poor median voter faces a
lower tax price of the productive public good (Alesina and Rodrik) or of the redistributive
subsidy (Bertola, Persson and Tabellini). A similar mechanism operates in Saint-Paul and
Verdier (1991), except that now a higher tax rate might have beneficial effects by making
possible a larger expenditure on public education and therefore more accumulation of
human capital. The interaction of these two opposite effects generates a hump-shaped
relation between inequality and growth.?

The rest of the paper is organized as follows. Section 2 introduces the basic two-
period model. Section 3 analyzes the existence of a non-cycling majority and proves that
the median voter is the decisive voter even if preferences are not single-peaked. Section 4
characterizes the political equilibrium and studies its effects on growth depending on the
initial income distribution and on the level of income. After sketching the infinite-horizon,
non-overlapping generations model, Section 5 illustrates why it might be relevant in dis-
cussing the issues outlined in this introduction. Section 6 discusses the role of some crucial
assumptions and draws some conclusions. Since the formal treatment of the model is
rather notation-intensive and in order not to hamper the intuition behind the results, all
the proofs appear in the appendices.

2. THE MODEL

There are two periods, 1 and 2 and three groups of agents, A, m and / characterized by
different earning abilities, i.c. different pre-tax incomes. Let n' be the earning ability of an
agent belonging to pre-tax income class i in period t, with i=h, m or I In every period, a
proportion p’ of agents belongs to group i. In period 1, pre-tax incomes are characterized
by the following inequalities: 0<n}<n7 <nj. Finally, let /;; represent the mean of the
distribution of pre-tax incomes in period j. The distribution of pre-tax incomes satisfies
two conditions:

@) p'<0.5,i=1,m h
(i) AT

_ZAM»Mdmad&mehmmm;wm&nﬁbﬁmm
W&Wmﬂuh%bﬁkﬂﬂﬁ(l”l)mmmmm
h&mm'ukfwahtuofm’mnudm«fmeMMmqmmm
t0- invest: arc wmall or cven abeent. In Chang (1992) inequality sffects growth by determining how the
bargaining process ends up aflocating and using government revenues. ;
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Bypreventingasinglcdassfrom having more than haif the agents of the economy,
assumption (i) is a necessary condition for the existence of non-trivial majorities. In
add:tton,assmnphon(i)xmphesthatthemedmvotermmthemnddleclass Assumption
(u)msmesthatthcmedlanlsmmallybdowﬂnmmn

In period 1, agents can invest a certain amount in education. As a normalization, let
this amount be equal to 1. The only choice is between investing in education the amount
1, and not investing. Investment in education by an agent has a positive externality on the
second period productivity of the other agents. Let u be the proportion of agents that
invested in education in period 1. Thus, u can take the values 0, p*, p*+p", 1. Pre-tax
income of agent i in period 2 is

ny=n'+Re+ ¢ (u)R 1)

where e is an indicator function taking the value of 1 if the agent invested in education,
and 0 otherwise, and ¢ (i) is any monotonically increasing function of u with ¢(0)<0. 4
Therefore, ¢ (u) represents the externality from the investment in education by a measure
u of other agents on the productivity of each agent. Note that this externality occurs even
if the agent in question has not invested in education. For simplicity, from now on I will
assume that ¢ (x) is the identity function ¢ (x)=x.

This externality drives the “trickle-<down” property of the model, by which investment
in education by one group may enable other groups to invest in education. In its absence,
all the dynamics of the model would consist in a once-and-for-all investment by those
groups whose pre-tax income exceeds 1, the cost of investing in education. However, this
is not the only type of externality that delivers the “trickle-down” feature of the model.
For example, if voting on the tax rate occurred in both periods, investment by one group
could be beneficial to other groups by increasing the resources available for redistribution
in the future.’

There is no capital market, no uncertainty, no discounting.

In period 1 the agents of this economy vote over the level of income taxes. Taxes are
proportional to pre-tax income. The revenues collected in this way are redistributed as a
per capita subsidy, constant across individuals. The government budget is always balanced.
However, there are convex costs in collecting taxes: thus, if t is the tax rate, #i is collected
but only (1~ *)fi can be redistributed to each individual.® Thus, no agent will ever vote
for 1> 3 because the subsidy per capita is decreasing in ¢ for t> 3. Note that given these
assumptions a higher proportional tax rate (in the range {0, ;]) implies a more progressive
tax-subsidy system.

Utility is linear in consumption. Let ¢} and ¢; represent consumption in period 1 and
2 of an agent belonging to class i, respectively, and let /; represent the per capita income
in period 2. Overall utility for an agent belonging to group i is:

d+ch=n(1—1)+(t—Pi—e+ (' +Re+Ry). @

3. From now on, whmemaﬁrnpmodwrnﬂemwmmmwmdnmthemmod
will be omitted if no ambiguity can result. Thus, # stands for #;, #™ for #7 and 50 on " -

4. This specification of the effects of education on earning ability is not an orthodox one in the human
capital literature. A multiplicative rather than an additive effect is usaally assumed. An example of a paper
using the additive effect specification adopted here is Chiswick (1971).
wa:(:’m)mhﬁm&“mwy”mmumwmdwm

-6 \Without -cotrvex: costs of collecting - taxes, it is & standard ‘result: that, ‘whea labour  issupplied
inslastically, a&mm&eWMtﬂiwﬁbﬂmmm“pﬁ‘uf-&W
smeﬁdeﬂh&m“t&vmmwmﬁm“m «
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It is clear that an agent who takes as given the actions of the other agents would like
to invest in education as long as R> 1. In what follows, I will assume that this inequality
is satisfied. This effectively ensures that all agents would like to invest in education,
independently of how many agents invest.’

However, given the absence of capital markets, agent i cannot invest in education if
n'(1— 1)+ (t—P)ii<1 (henceforth, the expression “agent i” will indicate an agent belong-
ing to group i). Let /i denote the pre-tax income of an agent whose after-tax income is
exactly 1 at the tax rate ¢. Then # is defined implicitly by:

A(1— 1)+ (t— P)i—1=0. 3)

Thus, all agents with pre-tax income n’ <# cannot invest in education at the tax rate f. A
as a function of ¢ is depicted in Figures 1(a), (b) and (c), which show that the function
has very different qualitative behaviours depending on whether 7> 4 (a “rich” economy),
1<#<4 (an “intermediate income” economy), or #<1 (a “poor economy’’).

Since the behaviour of the function 7(f) is crucial for the results of the model, it is
important to obtain some intuition of its shape. Consider first a rich economy. At each
tax rate, a large amount of resources are redistributed. Thus, however poor an agent is,
there will always be a tax rate £, <}, such that her post-tax income cxceeds 1. When per
capitaincomcisataninmmodiatelewl,thcmmightbeasituationwhcreanagent’spre—
tax income is so small (n <7imn in Figure 1(b)) that no tax rate will raise her post-tax
inmmewlb&mtthcmvexityofthewstofoolhﬁngmtakesom. Finally, consider
& Wery poor economy. If an agent starts with a pre-tax income below 1, no tax rate will
ever enable her to invest in education: even in the absence of costs of collecting taxes she
conld reach at most a post-tax income equal to #, which is less than 1. Moreover, by
Mmfmmm&mWMaMMva@mm
bution hurts all agents with pre-tax income above 1, and the more so the higher is the

x@.H&Mh,t&MM&M&&WW:WWMWd
the linearity of preferences. :
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3. EXISTENCE OF A STABLE MAJORITY
In this section, I will prove that the median voter is the decisive voter when agents vote
over the level of the tax rate in the first period.® The reason why a whole section is needed
to establish this result is that, due to the abundance of discontinuities in the model,
~ preferences may not be singie-peaked and therefore the usual sufficient conditions for the
existence of a stable majority cannot be applied directly. However, since the succeeding
sections develop all the important conceptual issues, the reader uninterested in technical
details can skip this section without missing any important intuition of the model. . -
&gm&ﬁm&ew“mwu"nmm&wmm
income »™>
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Consider the problem solved by agent i in period 1. Her proposal will be:
t;=max {0, argmax {c} +c3}}. 4)

Note that ¢; depend on ¢ for two reasons: first, the tax rate in period 1 determines whether
agent i can invest in education; second, it determines how many agents invest in education,
which affects the pre-tax income of agent i in the second period through the externality
effect.

Now consider the term argmax { - } in equation (4). Wherever A, and nj are differenti-
able with respect to ¢, this term is found by solving:®

d[ci+c5]
e S 5
a (5)
ie.
dn’
—n'+(1-20i——2=0, 6
n'+( i & ®)

Clearly, dn’y/dt =0 whenever this derivative exists. Therefore, over all the points where
n5 is differentiable with respect to ¢, the tax rate proposed by agent i will be

. i, _n
t,-—max{(),z(l ﬁ‘)} @

i.. in all points where n5 is differentiable, the optimal tax rate in period 1 for agent i is
the tax rate that maximizes her post-tax income in the same period.

P
>

¢ Tm 1 y tm 1y 1t

agentsh  agemsh,m  all h h
¢ m‘,,’;“‘ agentsh,m  agenis no agents

FiGURE 2

However, it is clear that there are several points of discontinuity of 3 as a function
of t. The reason is that, whenever the tax rate reaches the level at which the post-tax
income of agent i is equal to 1, all agents in group i invest in education, thereby increasing
discretely their own pre-tax income in period 2 and the income of all other agents via
the externality effect. The exact number of points of discontinuity depends on the values
of o, 1", n* and i. Figure 2 illustrates the case of i>4, n” <1, A'<1, i.c. the case with
the largest number of discontinuities. #; and 7, are the smaller and larger root of
#(1— 1)+ (1~ P)ii—1=0, while 7, and ,, are defined similarly with n™ replacing »’ in the
previous equation. In other words, as long as the tax rate is between 7, and #,, agent / has
enough pre-tax income to invest in-education, and similarly for agent m. Since necessarily
n*> 1, when 7> 1 there is only onc value of ¢, #;, such that #(1—8) +(t—)i—1=0. If
the tax rate exceeds 7,, agent A will not be able to invest in education. From Figure 1(a)
1,, 1, and 7, arc all larger than 3. :

" When making her proposal in period 1, each voter must compare the value of her
overall utility. when #=¢ to its value when ¢, is such that n} changes discretely. For
example, when £2 is between 7., and 7, in Figure 2, agent / cannot invest at the tax rate

9. 1t i -easy to vetify that the second-order conditions for & maximums arc satisfied.
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that maximizes agent m’s post-tax income in period 1. In this case, agent m’s overall utility
may be higher when ¢=1; than when ¢= %, because in the former casc agents / can invest
medmﬁmandtkrefmmﬂpmodsmﬁxmmofmtmmﬂbchgherasweﬂ
through the human capital externality.'

Itmnowcbarthﬁmtbsmddmdxraﬁnnlﬁyﬁmﬁmmnotdmysmgk-peakcd
as a function of . F;gurc3illustratesthetw0poaﬂbkqm!ﬁauvebehammsofagemms
mdneatuﬁmymthgweconnduedmﬁ@m2md&<h(themdumtuﬁktymplomd
only for 0<¢< 3 which will turn out to be the relevant range in equilibrium). The standard
sufficient conditions for the existence of a stable majority with the median voter as the
~ decisive voter fail to apply. However, nssﬁﬁpouiﬂemmmatthemm:s
the decisive voter in this problem: -

10 Amrmmﬁﬁifﬂih&&twAMWtM&
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Result 1. The proposal by agent m beats all other proposals in pairwise comparison.

Proof. See Appendix A. |

It can be shown that preferences in this model satisfy the condition of Order Restrict-
edness (see Rothstein (1989)). In fact, with three proposals it can be shown that a necessary
and sufficient condition for Result 1 to hold is that preferences be Order Restricted. It is
here that the importance of assuming a finite number of classes can be appreciated. In
fact, the proof of Order Restrictedness requires a finite number of alternatives.

4. INCOME DISTRIBUTION, REDISTRIBUTION AND GROWTH

In this section I will investigate how the initial distribution of income affects the degree of
redistribution and, through this, the potentials for growth of an economy. The analysis of
the previous section established that the median voter is the decisive voter in all possible
states: therefore, in what follows it is sufficient to analyze the optimal policies of the
median voter in order to determine the equilibrium outcomes.

The next two sub-sections consider the two cases of a rich and a poor economy
respectively. It will be shown that they have very different patterns of income distribution
that are most favourable to growth. The dynamic implications of this simple fact will be
more fully developed in Sections 5 and 6.

4.1. The cases of a rich and an intermediate income economy

Consider first an economy with a high per capita income, /i 2 4 (see Figure 1(a)). By Result
A2, t*<i, when A2 1; this means that agent & can always invest in education at the tax
rate that maximizes the median voter post-tax income in period 1. Thus, the only situation
in which the median voter might want to propose a tax rate different from ¢* is when 1%
<7,, in which case agent / cannot invest in education at 1% because her post-tax income
would be below 1 at . When % <{, the median voter faces an intertemporal trade-off. If
she sets =1, she loses something in the first period relative to ¢=13, but clearly will gain
something in period 2, since 75 increases if agent I invested in period 1. How the trade-off
is resolved by the median voter has important implications for growth: if ¢=1,, high
growth will result. Otherwise, growth will be low. Thus, in order to study the effects of
income distribution on growth one must analyze two questions: (a) under what configura-
tions of the relative shares of the low-income and middle-income groups will the median
voter face an intertemporal trade-off? (b) if there is indeed a trade-off, what configurations
of income will induce the median voter to set a high tax rate, so that the low-income group
will invest and high growth will obtain?
‘Letx(n",n’)andy(n"‘,n’)betheﬁrst—periodlossandseeond-peﬁodgaintothc
median voter respectively from setting the tax rate at #; instead of 1. Let z(m™, n')=y(n",
')~ x(rf", #') be the overall gain (if positive) or loss (if negative). Then, question (a)
above is equivalent to finding the shape of the x=0locus in the (n', n™) space (see Figure
4)."" Above this locus ' is sufficiently close to »™ that 327, and the median voter does
not face a conflict between the short run and the long run. Below this locus there is indeed
a conflict because £* <7, Question (b) therefore corresponds to finding the locus z=0 in

. 11. This and the following figures assume p'=p"=0-4 and p'=0-2.
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the region below the x =0 locus. Above the z=0 locus ' is sufficiently close to n™ that the
extra progressivity of the tax system required to enable the low-income group to invest is
small compared to the second-period gain; thus, the median voter will set the tax rate at
#; and high growth will follow. Below the z=0 locus z <0 and the median voter will set
the tax rate at 1, so that low growth will obtain. The following result formalizes this
argument:

Result 2. For an economy with iz4:

(a) the x=0 locus is upward sloping and convex and is defined for n e[O 1] andn”'e
[n2, R}, where n is a function of

(b) the z=0 locus is upward sloping and convex and is everywhere below the x=0
locus;

(c) z<0 in the region comprised between the locus z=0 and n' =0.

Proof. See Appendix B . |

Remh2mplmth&tﬂmx=01wmandthcz~010cushavethcshapudepwmdm
Figure 4. The intuition behind it is straightforward. There are two relevant regions, n'>1
and n'< 1. When /> 1 (region A), the median voter does not face any intertemporal trade-
off, since the low income group cen afford investment in education even when there is no
redistribution. When ' < 1, whether the low-income group invests depends on its position
relative to.the middle group. Consider fixing a value for #’ on the vertical axis; if ™ is not
too distant from »' {regions B and C) the low-income group will be able to invest in
education; in region B, because the distance between #™ and ' is so low that 2227; in
region C, because it is not too costly for the median voter to deviate from 13 and implement
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7. However, if n™ is large relative to ' (region D) then z(n™, n') <0, so that the short-run
wst_&othemedimvoter&omhighmdistﬁhuﬁonoutwd@stbelong—mngain.

A result similar to Result 2 holds for an intermediate income economy too, with
1 <& <4 (Figure 5). However, now the economy is poorer than the economy sketched in
Figme4.hparﬁaﬂar,.ifn’<i_mhvdofmdiﬁﬂbuﬁonmbbthclow4mmegmp
to invest,'? and the same is true for #™ if 7™ <fimia. Apart from these differences, the logical
mdﬂzpmhbm;mahBthcmainthcwofamhmy.hm,
ﬂnshapesoftlwx=0mdz=01oeimnbecxphinedbyeu&ythemconﬁdﬂaﬁm
made above.

4.2, The case of a poor economy

Comidermthcmcofapootmmmy,withi<l.0nlyamhmmpouiuy
hvmhemm:mwmrﬁngwhhawmmmimdthuﬁmm
l.,wﬂlmmnbkmm:,pmt-uximowofathal{mﬁml(c)). It is then
clear that when #*< 1 no agent can invest in oducation, and therefore no growth can take
place. Thercfore, assume from now on that #*2 1. - -
M—&eoﬂywmh&em,wh,mhmwh@mm
It is then intuitive that the median voter will face two relevant situations. If #™ is large
given n* (o that £2 is small) or »* is large given #™ (0 that i, is large) the economy will

IRes.
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be in region A in Figure 6: here, #% <7, and agents 4 will be able to invest in education at
the tax rate preferred by the median voter."”® In contrast, if n™ is low given n* or n”" is low
given #™, the economy will be in region B, where £%>7,. Now agents & will not be able to
invest in education at £, and the median voter faces the familiar intertemporal trade-off.
Thconlydlﬂ'u’mceasthatnowshemustmdemmdmmbunonmpenodiforamm
per capita income in period 2. - -

, One can therefore define two loci x(”™, n*)= Oandz(n"' n")=0mthe(n"' n*) space
in exact analogy to the case of a rich economy analyzed above. Thus, below the x=0 locus
agents h cannot invest at £, while below.the z=0 locus the short-period loss to the median
voterfmmdewanngfmmﬁlemaluxmteomwmthelong-mngamdmwngfmm
a higher second-period per capita income. Itnsthcreforcrclaﬁvelyeasytoproveﬂle
following.

Result 3. For an economy with i<1:

" {(a) the x=0 locus is downward sloping and convex; ‘ ’ ‘
- (b) the z=0 is downward sloping, convex and everywhere below the x=0 locus; =
- (e)ford’(p")uﬁ‘imulymull rhereexu‘tsanatmmbieregmabwen‘“l where
- - z<Oand x>0; -
(d) for ¢(p“) md/aargﬂicmﬁlylarge z>0cwywherefor n"gl

PEFE

31 mmﬁmdm,ﬁm F‘“"’“ﬁ take a valve comprised between Ab,(v") and
o™y, where nh. is the m' ‘when w59 (s0 :3 p"&:a‘-ﬁé—'m and ol i the vatoe of W ~
when #'=n™ (30 that b =i~ (p"+p ™). Bafhee
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4.3. Income shares, levels of income and growth

The model developed so far delivers a clear message: economics with different per-capita
incomes have very different patterns of income distribution (i.e. relative shares) that are
most favourable to growth. In particular, income distribution affects growth through two

~ First, in a very poor economy growth can occur only if the distribution of income is
sufficiently unequal, so that #*> 1. Similarly, in an intermediate income economy income
distribution determines whether there is a tax rate at which the low-income group and the
middle-income group can invest in education.

Second, income distribution affects the pre-tax income of the median voter relative
to that of the group whose investment in education depends on the tax rate (n"ina
poor economy, ' in a rich economy). This relative share in turn determines whether an
intertemporal trade-off exists and, when it exists, whether the median voter has an incentive
to set a tax system that promotes growth.

In a rich and an intermediate income economy the best preconditions for high growth
(inthestmsethatbothgr,oupsIandminvmt)arealowshareofgrouphand/orvery
similar shares of groups / and m (the region along the 45° line in Figures 4 and 5, assuming
p"=p"). When the share of the high-income group is relatively low, the two remaining
groups will start with a relatively high pre-tax income. When n' is close to n™, either 1521,
or the median voter has relatively high incentives to let the low-income class invest through
high redistribution.

Exactly the opposite configuration of income distribution favours high growth (i.e. invest-
ment by group h) in a poor economy with i<1. In Figure 6, if the share of the high-income
group is very low, the economy will be below the n"=1 line, so that no tax rate will allow
agents h to invest. Also,ifn’isvcrycloscton’"(alongandclosctothen’;hline“) then
the economy will be more likely to be in the region where z<0, if it exists. The intuition
for this result is obvious: in a poor economy, not even a very progressive tax system will
allow low-income agents to invest, so that only h agents can potentially invest. Thus, any
pattern of income distribution that endangers the investment ability of the high-income
agents can harm growth.

5.°A NON-OVERLAPPING GENERATIONS MODEL WITH VOTING

In this section, I will develop an infinite-horizon, non-overlapping generations extension
of the two-period model of Sections 3 and 4. This is necessary to study the effects of the
mechanism analyzed so far on the dynamic path of the economy. Indeed, by considering
an explicitly dynamic economy, this section has three main objectives: (i) to formalize a
process of growth, implicit in the two-period model, whereby a group investing in educa-
tion increases the future income of all groups and thercfore may enable the groups further
down the ladder to invest in education as well; (ii) to analyse the degree of persistence in
' the evolution of the economy stemming from the initial pattern of income distribution;

(iii) finally, to relate the result of the analysis in (ii) to the empirical evidence on the
relation between income distribution and growth. o

"The mechanisms at work in the infinite-horizon version are essentially a straight-

forward extension of those operating in the two-period model. In order to concentrate on
the conceptual issues, in this section I will only. sct up the model, outline the method of

ﬂ 14, Recall mu.:.minauwﬂwm sresents the same points as the 45° line in the (,
space. :
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solution and then discuss its implications for the three issues listed above. A full formal
treatment of the model is left for Appendix C.

Agents live for two periods. Just before dymg, each individual gives birth to an
individual belonging to the next generation. Thus, in each period only one generatxon is
alive. In the first period of her life, an agent can invest in education exactly as in the two-
period model, and the effects of such an investment are as in the two-pcnod model. Every
individual inherits from her parent the “innate™ abmty to earn income ' but not that
acquired through education. Before an individual dies, she leaves her successor a bequest.
Let a generation be indexed by the time-period when it is young. Therefore, generation s
is young in period s. The world starts in period 1 when the old of generation 0 are
alive. Preferences are additively time-separable, linear in first-period consumption and
Cobb—Douglas in second-period consumption and bequests Lifetime utility for agent i in
generation s is therefore:

bi+n(1—0+ (-, —e+(n'+ Re+u,~bis2) (b42)' ™7 ®)

where 0<y <1, yu, is the measure ofagentsthatinvested in education in period s, 4. is the
bequest received by agent i in generation s and b}, is the bequest left by the same agent.

This specification has the very useful nnphcanon that the indirect lifetime utility is
agam linear in e. Indeed, it is easy to show that b}, , is proportional to the i income of agent
i in generation s when old: '

| i+2=(1—y)(n'+ Re+ u,R). ®
Therefore, the indirect utility of agent i as a function of ¢ is:'*
w(1— )+ (t— )i, —e+ p(n'+ Re+ u R) : (10)

where g=y"(1-7)'"". Sinoeﬁé%,nowR;Zisannuusaryoondiﬁonforanagmttobc
willing to invest in education whenever her post-tax income exceeds 1. Therefore, from
now on R22 will be assumed. Given these hypotheses, the infinite-horizon model is
essentially a sequence of two-period models, with some minor modifications due to the
presence of bequests (see Appendix C for details). However, by following the economy
over more than two periods, it is now possibie to analyze all the implications of the strong
path-dependence built into the two-period model. In fact, Section 4 showed that high
growth is associated with different patterns: of income distribution in economies with
different per capita incomes. Inanmﬁmte—bormonwrmn,tb)spmpertyofthemodclhas
rather important implications.

Essentially, a given pattern of income distribution can be extremely appropriate for
growth at a certain level of income; once the economy has reached a higher level of income,
however, that same pattern of income distribution might hamper or, in extreme cases,
prevent growth. This is so because pre-tax income distribution is essentially a state variable,
and highly dependent on initial conditions. Also, the feasibility of changing the post-tax
mmmmmmmwmpmmmmm
from the pattern of pre-tax income distribution.

Thus, an important characteristic of the model is that the steady-state reached by the
economy is highly seasitive to the initial distribution of income. In particular, an economy
thatmmnamybwbvdofmome(itz y)<l)wﬁhvaybxghvalwofa"

15. ‘Notice that now the model naust assume the existeace of a storage technology, since each individual
inherits something from her parcnt and the two gencrations do not ovedap. Hmm“ﬂm
mmhomm-&ﬁnhbmm&&&Mthmm
B<1 <y<} :
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certainly satisfies the preconditions for growth at that level of income, as described in
Section 4, and therefore can move to the next level of income (1<a(2-7)<4). Once
there, however, high growth can occur only with a very different configuration of income
distribution. As a consequence, after an initial spurt of high growth a very unequal society
might get stuck at a relatively low level of income with an even worse income distribution
than the initial one.

This mechanism may be potentially relevant in connection with the long-standing
debate on the existence of an inverted-U relation between inequality and per capita income.
Empirically, this relation seems to be quite robust in cross-section studies, and has been
consistently obtained for more than three decades. 16 However, time-series studies tend to
cast doubts on the shape of the relation.'” Essentially, the growth process scems to be
consistent with a wide variety of behaviours of income distribution measures over time.
The path-dependence displayed by the overlapping-generations model of this section might
explain these empirical regularities. The point is best made by way of an example
(Appendix C generalizes the result to a certain extent). It is assumed here that p'=p"=
p"=1, y=%and R=2. Also, n'=n" only for simplicity. Consider now three economies, A,
B and C with the same initial per capita income in period 17, =(-82, so that i, = (2—y)=
0-98, but with very different patterns of income distribution, as specified in the tables
below. Letting j indicate the time period, the evolution of average income and income
distribution in each economy is as follows:

Country A
j=1 iy =0-82 n'=0-82 n"=0-82 n"=0-82
j=2 mQ-7)=098 n'(2—7)=098 "(2—y)=098 n'(2—7)=098
j=3 fis=0-82 n'=0-82 nm=0-82 n*=0-82
j=5 fis=0-82 n'=0-82 nm=0-82 n*=0-82
Country B
j=1 i, =0-82 n'=0-81 n™=0-81 n"=0-84
j=2 @m2-7)=098 n'(2—7)=097 (2—-7)=097 n*(2—7)=101
j=3 fiz=2-15 n'=0-81 n"=0-81 n"=3-67
j=5 fis=4-82 n'=4-81 n" =481 n*=4-84
Country C
j=1 iy =0-82 n'=00 =00 n'=2-46
j=2 m2-y)=098 n'(2—7)=00 m2-y)=00 n'Q2-y)=295
j=3 fiy=2-15 n=0-0 n™=0-0 n"=6-46
j=5 Ais=2-15 n'=0-0 =00 n"=6-46

Note that necessarily all these countries reach a steady-state at most in period 5,
whereasteadystateisdeﬁnedasasituationinwhichtheeconomyrcpeatsitselfcverytwo
periods.NowlctS;"betheshareintotalinoomcofgrouphinpaiodj.Thisisameasurc
ofinmnalhyfrequmﬂyusedmapplbdwork,mparﬁcmmmMsmdiesofmcmm
U-curve. Economy A starts with a completely egalitarian income distribution, so that

. l6_.'l'he story aftheipveﬁed—U curve dates back to Kuznets (1955). For a recent contribution

mpmemeu’hypoMneecampuno-Sﬂwm(IM). Foralussympathencv;ewonthecxinme
of an inverted-U selation in cross-sections, o€ Ram (1988).
17. See especially Fields-Jakubson {1990).
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Si=}. Economy B is only slightly more incgalitarian: S!=0-35. Finally, economy C is
characterized by a very unequal income distribution: S7=1. As shown above, economy A
cannot grow; between B and C, B is clearly worse equipped for initial growth: in fact, it
barely succeeds in starting the development process. However, once the growth process
has started, B is in a better position to continue growth than C. Indeed, in the second
period C reaches a steady-state where only the high income class is investing in education,
and therefore income distribution is even more unequal than initially. By contrast, econ-
omyBmachathcswadystateinthcthirdperiod,withaﬂdassesinvesﬁng. Thus, income
distribution has improved after the first increase in inequality and steady-state income is
higher than C’s steady-state income.

Now suppose an econometrician observes these economies after they have reached
their steady-states'® and tries to fit the best curve in the (S*, #) space: such a curve will be
an inverted-U (see Figure 7). The reason is simple: the economies that in steady-state have
a higher income level are those whose initial income distribution enabled them to deal best
with the different phases of economic development. In very egalitarian economies, like A,
no investment in human capital could ever take place. In economies with a very unequal
income distribution, like C, the middle and/or the lower class are so poor that not even
the maximum feasible level of redistribution will enabie them to invest in education. Only
economies that started out sufficiently equal, but not excessively so, have the ability both
to start growth and to keep growing once an intermediate level of income is reached.

Note however that the time-series behaviour of S* presents an inverted-U pattern
only in the case of economy B, while in country C it only increases and in country A it
never moves. This seems to be consistent with the available empirical evidence in two
respects. First, as mentioned above, the time-series behaviour of inequality measures is
known to follow a variety of patterns. Second, the presence of an inverted-U pattern in

4
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time series has been documented quite convincingly for several currently industrialized
countries, including U.S., Great Britain, Germany, Norway, Denmark, the Netherlands, "
while high and increasing levels of inequality are more common among intermediate
income economies.

The non-overlapping generations model also sheds further light on the “trickle down”
process of growth that is only implicit in the two-period model. By increasing the productiv-
ity of all income groups, investment by the upper class in the first period might allow the
other classes to invest in the following period. A comparison of economies B and C reveals
what is a precondition for this “trickle-down” mechanism to operate: the pre-tax income
of the groups that rely on this mechanism should be above a certain threshoid level, below
which there is no level of redistribution that allow investment in education. Similarly,
under some circumstances investment in education by the middle class will enable the low-
income group to invest in the next period.

This also illustrates the crucial role played by political factors in the growth process.
Essentially, the political outcome resulting from a given income distribution determines
whether the intertemporal transmission of the externality outlined above goes on until all
classes have invested or it stops before this occurs.

6. DISCUSSION AND CONCLUSION

An important assumption of the model is that taxes are linear and revenues are rebated
to individuals in a lump-sum fashion. The reason for this assumption is exclusively one of
analytical tractability: it is well known that with non-linear taxes the existence of a non-
cycling majority may fail. Notice, however, that if one introduced two ideologically com-
mitted parties it might be possible to have a stable majority with non-linear taxes. In such
a situation one could explore the interesting possibility that, in the political equilibrium,
the high-income class is made to pay almost all the costs of investment in education by
the other classes.

More generally, the tax-subsidy scheme assumed in the model implies that it is not
possible to subsidize the middle class without subsidizing the poor as well. Although this
is a long-standing and unresolved issue, many researchers have argued that the middle
class captures a disproportionate part of the benefits of government expenditure. Again,
this important aspect cannot be captured in this model. However, the essence of this paper
is that when growth is associated with redistribution, the benefits spill over to some extent
to the poor; when the spillover is substantial, this enables the poor to qualitatively change
their pattern of education. In this sense, the assumption on the distribution of benefits in
this paper plays an important role in proving the existence of a political equilibrium, but
is not strictly necessary for the economics of the model.

The model also assumes that the benefits of investment in education by the poor are
captured by all classes. One might argue that the rich benefit the most from a better
educated work force, since in general it is the rich who hire labour. In this case there would
be two effects, working in opposite directions, on the degree of progressivity preferred by
the high-income class. If the effect just described prevails, one would observe both the rich
and the poor vote for high redistribution. Again, it is not clear whether a non-cycling
majority would exist.

19.Sthdut-W:ﬂiamm(l%S)foranvkwof&eMamofmﬂyindw
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Another situation in which both the rich and the poor might vote for similar amounts
of redistribution arises when one considers the possibility of publicly-provided education.
This is a case in which possibly the rich and the poor will vote for a low amount of
redistribution, the former because their tax price is higher, the latter because, with enough
curvature in the utility function, the opportunity cost of going to school may be extremely
high at low levels of income. Fernandez and Rogerson (1991) develop a model of voting
on public expenditure where this result obtains under certain configurations of the distribu-
tion of income.

Finally, xtxsclcarthatltwwldbeusefultohavesomeampmcale\ndencconthc
mechanisms of growth presented in this model and on some possible alternatives, some of
which have been sketched out above. Alesina-Rodrik (1991), Perotti (1993) and Persson-
Tabellini (1991) take a first step in this direction.

APPENDIX A
This Appendix proves Result 1 in Section 3. To this end, I will first prove some preliminary results.

Result A.1. Consider the case 1 <fi<4. Let ty;, be defined by Rin{l — tmin) + (tmin — Cmin)i— 1 =0, i.c.
twin IS the tax rate at which dii/dt=0 in Figure \(b). Then, t¥> lui if and only if n'<iime.

Proof. The proof is immediate upon manipulation of the expressions for ¢! and fmm- §
Essentially, Result A.1 says that 1} is on the upward-sloping part of the A(r) curve if and only if 7' <fip,.
Remlt A2, 1L5i,, for Ai>1.

Proof. Result A.] ensures that, when 7> 1, agents & might be unable to invest at 1% only when
N <fin (which implies necessarily 1</i<4). To show that this will never occur, consider the smallest
possible value of n* corresponding to cach value of #™. Clearly, given #™, n* will be smallest when n'=n"™,
so that nk;, is defined by:

Prioia=i—(1—p*m". - : an
Clearly:
'du.(l-t:)ﬂt:—t:’)i-léﬂin(l—t:)—l='¢a..l(l +'-§)—’1- (12)

Define H(W™) =nlin3(1+#™/f)—1, where 1, is 8 fanction ofn from (11). Since H is quadratic in #™ it is
sufficient to show that:

—dH(#™)/dn™ >0 when evaluated at o™ =0;

—H(0)>0, H(Aw)>0.
Now:

aH 1 o l‘P)
aiey)  w
Thus, at ™ =0, dH(n™)/dn™ = }. 1t is also easy to show that H(0)=#/2p"~12=0 for #=']1. By computing

H(ﬁ*),m&dsafwmmwmtﬂ(um;mforn*l,whueﬂ(ﬁ_,.)=l
so that certainly nhu(1—42)+ (2 —4%)~ 1 is strictly positive for all A21. | ,

Result A2 ensures that, when A>1, dwuxmﬁeﬂmmxmmtheposttaxmofﬁzmedmn
voter can never be 30 high as to prevent agents & from investing in education.
It is now relatively casy to prove.

Result 1. meywmmdo&er#MWm.
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Proof. 1t is useful to prove first the following results: .

(i) agent k never proposes a tax rate higher than that proposed by agent m;
(ii) agent / never proposes a tax rate lower than that proposed by agent m.

To prove (i), consider first an economy with 72 1. Define:

-K if 0" <Apia s
W', n)={~K ifee2f,; (14)
20, w) if1F<i,

wbeteK>0,i=k,m,r=m,1andz(n‘,n’)isdeﬁnedasthediﬂ'erencebetweenthcovetﬂluti!ityofngenti
when r=7, and her overall utility when r=1?. Note that m and / represent the two groups whose ability to
inthmightdependonthcmrate.Noteahothatthisformulationimludesthccauwhemmtmcannot
invest at £ =0, so that Wi, )= W(r", i")= — K. Clearly, whenever W(n',n")<0, agent i prefers ¢f to {,.
When W(r', )20, o' prefers f,. Part (i) follows immediately from the fact that W(r", #)S W™, o) V2,
soﬂmitmnothappenthuagenthpmfersi',whenagemmpmfast:<i,,andﬁmthefactthntt:-
0. In the case of an economy with <1, onc can define

-K ifefsis;
W, o) {z(n', n) ifr>i,

audptoceedasinthecueﬁ;l.Pan(ii)canbepmvedfollowingasinﬁhrproeedm.
Nowhtt,indicatethepropo@bymti.Toprovethntngeuthalwayxprefmt,.to:hnotcthat
this statement is obvious if agent / can invest at f,, or #' <A or A<1. If this is not the case, necessarily
agent m proposes (5 and agent [ proposes 4> 1, Then one can easily show that U*(z) S U*(¢%). Using a
simihrprocedme,onemshowﬂntagcntla!waysprefmmtm’spmpoultoamth‘spmposl. ]

(15

hmwﬁﬂwﬁmd&hpapa,mhlmwovedbyshommminﬁxmodd
nﬁxfy&ewndiﬁoqd%ksm(weko&ndn(lm)).Infacl,itiseasytoshowthuthe
proofofkeudtlaboveandﬂ;eoneintheeaﬂiermﬁonmeuenﬁdlythesame.

APPENDIX B
This Appendix proves Results 2-and 3 in Section 4.

Resulit 2. For an economy with Aiz4:

(@) tkex=0bwﬁxqwd:bpbcmdwxmdisdeﬁvdfwa‘e[ﬂ.l]mdrf"e(a:'. #), where
ol is a function of &;

(b)lhez=0bcmbwd:bpbgadmusxmdirmywb‘ebdowthx=0bcw;

) 2<0 in the region comprised between the locus z=0 and n'=0.

Proof. The proof consists of several steps:

(a) The locus of points n, #~ such that (2=7, is also the locus of points such that x=0. In fact,
‘gince £ =argmax {c;} and £2, is unique, o(2)> o(7)) Ve A7, Thus, x(¢2, 1) >0 ViL #1,. This means
that only for 7= is x=0" Using the implicit function theorem, it is easy to verify that along
the x=0 curve dw'/dd™>0. It is also obvious that x(w" =4, #/=1)=0, while x(«, 0)=0 (in the

case #24) and X(Ria, ) =0 (in the case 1 <A<4).
: @)m&z*ﬂm&/ﬁ>0.mmmyﬁmhimﬂﬁtfmm

and the envelope theorem, since when z=0:

& 72—,
o, 2 ), 1
o T Cr - 9

To show that the z=0 locus lies cverywhere below the x=0 locus, notice first that y=p'R is independent
of o sad y20Y#, #. Consider a point (", n') such that x(s",«')=0. Then z(", &) >0 V" . To obtain

: 37.‘3&(1&)@—_’,—‘-,— LT =), Note that /A TV —4820 for o 2heim, si00E A= 2,/H—H.
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2=0 one must decrease ', since x(#™, n') is decreasing in #'. Finally, convexity follows from direct verification.
(c) this part follows directly from the proof of part (b). }

I will now prove

Resalt 3. For an economy with i<1l:

(a) the x=0 locus is downward sloping and convex;

(b) the z=0 is downward sioping, convex and everywhere below the x=0 locus;

() for ¢(p") sufficiently small, there exists an admissible region above n*=1 where z<0 and x>0;
(d) for ¢(p*) and/or R sufficiently large, z>0 everywhere for n*2 1.

Proof.

(a)Bythetmplmtfnncuontheoremnuasytoshowthatmex(n’ #")=0 locus is downward
sloping; also, x(0,2- in)=0andx(u, 1)=0;

(b) Now consider the z(n™, n*)=0 locus. BythemphatfuMOntheomnandtlwmvdopetheomm,
along the z=0 locus:

ﬁa - a—h amn
dn” [‘""*‘iﬂ _2ih)](‘ﬁl/d'h) '
It is also clear that z=0 below the x=0 locus, since z=—x+ ¢(p*)R. Convexity of both loci is
proved by direct verification, as in Result 2.
(c) This part follows from the fact that

2™, W)= —x(n", ') + ¢(p")R (18)

using a simple continuity argument.
(d) z>0 everywhere if z(0, 1)>0, since the z=0 locus is downward slopmg The statement of part (d)
is proven by showing that z(0, 1)= —(#/4)+ ¢ (#)R2Z ~ 1 +$(FIR.

APPENDIX C

Consider an infinite-horizon economy where in the first period, period 1, the oid of generation 0 are alive
and the average income is 7. In period 2 the average income of the young of gencration 2 is #(2—y).
Consequently, a “poor” cconomy is now defined as one in which #(2—y)<1.

To analyze the implications of the overlapping-generations model, I will follow through time the
evolution of an economy that starts in period 2 with average income ;=i (2—y)<1. Since the main
purpose of the analysis is to determine under what patterns of income distribution the various classes invest
in education, I will consider economies that have a chance to reach the highest level of income where all
classes have invested. Th:snmountstounpoﬂngthetwofollowmgcondmons

Ay=A2-7)+20"R(1 - 7)>1 19
A2- )+ P R — 7) > R I @0

where noW Analfie)=2,/A2~ 7) + 20"R(1 - ) —#(2— 7)—~2p"R{1 — 7). Condition (19)=aysﬂm,aﬁﬂ8f°“r’
khasmmmd,ﬂmamagemoomofﬂ:eyoungoftbemtmmmhrwthmlCondxtxon(m)ays
that there is some level of redistribution that enables group m to invest in education once group h has
invested when group m has the highest possible pre-tax income (represeated by the LH.S. of inequality
(19))Smncanbeshownthatcundmon(19)holdswh=:cver(20)holds,fromnowpnonlythehttcr
will be considered.

NowoonuonZthnmmmpmodZwﬂth <l ffu"(2 7)§l ‘nobody can invest
in education and from now on the economy. repeats itself every two periods. If agents A invest, in period 4
the pre-tax incomes of the different classes are #'+ (n'+ (1 +p)RY(1~ 7), i=h, and '+ (W +p*R)(1—7), j=
m, I, respectively. If o™+ (0" +p*R)(1 — 7) <Auia(fa), agents m will not be able to invest in education and
from now on the economy will repent itself every two periods. T #™+ (W= +p*RY(1 —7) > Aua(iis), vertainly
sgents m will invest. Tn this tase, pre-fax inconiies i period 6 will be &+ + (1 4 g4 p™)R)(I =), T=h; m,
and #/+('+(p"+pRN1—7), j=1, respectively. The problem solved by the median voter is exactly the
one analyred in Section 4. Aw:wmmmmsrmsupmammmww
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wmor,whnnmﬁmfawmhmwﬂmde—oﬂ,ifthcmmxinwmmmm
diﬁa'entNotcahothatamulmightbeabhtoinvendhecﬂyinpaiod{mherwitha'.if
#+ (1 + P RY(1 — ¥) > Aniu(fis) and one of the two conditions above is realized. The economy reaches a steady-
mmmmdmhvmhedmﬁmmthemdy4mkmched,thewommymuw
every two periods.

Onaddernowfomeeonomiathatmnedinwﬁod:withthznmeiniﬁalper-apiuimﬁ(z—ykl
and have reached a steady state, with 0, 1, 2, 3 classes having invested in education respectively. Assume
fmmymmmmwwdh'mmmoddmu.wbmmoumﬁm
is:.live.ws}(K)betheshamofthzhi;hinoomechuinperiodjwknkchssahaveinvatedheduaﬁon
inﬂ:eptevionspeﬁod.Sfmcethemmtoomnypsmmmint!wmodeltobeabhmgiwamdmh
for all their possible values, for illustrative purposes I will assume that p'=%, i=h, m, 1 and y=1* For
this set of parameters, it is possible to prove the following.

Reswlt C.1. For ii sufficiently high: (i) Sha(0)<Shiu(1); (ii) Shi(2)> Snul(3).

Proof. (i) Since agents & invest in period 2 whenever H(@2—7)21, Shu(1)> Snax(0) if and only if:
1/(2“7’)+(R/3)+R>1/(2_‘ N @n
A+(2R/3) i
Given that y =%, after some algebraic manipulation inequality (21) becomes A—5>02 (i) S4(2)> Sax(3)
if and only if

1/2-7)+ R(p"+p™)+ R _A—p in + P'2R @)
A+2R(p*+p™) PAE+2R)
After some manipulation inequality (22) can be written as
F=5ii+25R— AR~ 3P + 3R + fipicl + YimiaR > 0. (23)

where §=1/(2—7v). It is casy to show that 3F/aR<OVR and 8F/0R>0VYR so that F(#, R) reaches a
minimumwhmiisatamaxhnnmandwhenRisataminimmn,i.e.whmﬁ=5andk=2. For these
values, it can be shown that F is positive. |
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